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Proof Theory for Minimal Quantum Logic I1

Hirokazu Nishimura!
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This paper provides proofs for the three main theorems of our previous paper
which were enunciated without proofs there.

1. INTRODUCTION

In a previous paper (Nishimura, 1994) the three main proof-theoreti-
cal theorems were presented without proofs due to strict limitations of
space. The objective of this paper is to give their relatively lengthy proofs
in detail. We use freely the notation and terminology of our previous
paper, assuming the reader to be familiar with it.

2. THE DUALITY THEOREM
Theorem 2.2 (The first duality theorem). If a ~ f, then o ~ §".
Proof. 1t suffices to show the following four statements:

(I) If a sequent o, ' — A is provable, then the sequent ", I'— A is also
provable.

(I) If a sequent I'-» A, « is provable, then the sequent ' > A, §” is
also provable.

(I*) If a sequent o”, "> A is provable, then the sequent 8, I’ = A is
also provable.

(IT*) If a sequent I’ - A, a” is provable, then the sequent ' = A, B is
also provable.
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It is easy to see that (I) and (II) follow at once from a simple
application of the inference rules ("-») and (—"), respectively. (I¥) and
(I1*) follow at once from the following, ostensibly more general statement.

(III) If alzﬂlu---:angﬂm an+1gﬁn+l’-'-aan+m:’“ﬁn+m and a
sequent of, ..., a0, U>A, o) 1,..., 0., has a proof P with I(P) £k,
then the sequent 8,,..., 8., = A, B,.1,--., Busm is also provable.

We will prove (III) by induction on k. The proof is divided into cases
according to which inference rule is used in the last step of P. To make the
notation simpler, we proceed as if n =1 and m = 0, leaving safely easy but
due modifications to the reader. In dealing with the rules (A =), (= V),
(v’'=) and (= A "), each of which consists of two forms, we treat only one
of them.

(a) The case that the sequent a7, I'— A is an axiom sequent: It must
be that af —«f. Since ; — f, is an axiom sequent and z; ~ f§, by assump-
tion, the sequent 8, — «, is provable, which implies that the sequent f§;, — o]
is also provable as follows:

hom o
Bi—af

(b) The case that the last inference of the proof of the sequent «f,
T > Ais (extension), (A =), (= V), (A=), (=27, (V' 2), (= A), (= V),
or { v —=’): All the cases can be dealt with similarly, so here we deal only
with the case in which the last inference of the proof is (— A) as follows:

o, T=>f of,T—y
af, T=>f Ay

(=n)

By the induction hypothesis the sequents §,,I'—f and B,,I'—7y are
provable, which gives the desired result as follows:

. T =B B, T -y
ﬁla F_’ﬁ A y

(c) The case that the last inference of the proof of a7, [ > A is ("—):
Then the last inference is one of the following two forms.

a, [ —>A af, B, i —A

—= (") — T A
o], T—A i, B, T1—A

(=)

(=)

In the former case the sequent B,,"— A is provable for «, >~ f; and the
sequent a,, I'—> A is provable by assumption. In the latter case the sequent
B:, B8, ;= A is provable by the induction hypothesis, which implies that
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the sequent f,, f”, I'; = A is provable as follows:

)Blsﬁa I_‘l'_)A

ﬁlsﬁﬂarl_)A ( _))

(d) The case that the last inference of the proof of the sequent
af, = Ais (“"—): This case is divided into several subcases according to
how the upper sequent of ("—) is obtained.

(d-1) The case that the upper sequent of ("—) is an axiom sequent: In
this case the axiom sequent must be a}—a}, so the proof that we must
consider is as follows:

—— =2 ()

af, o) —
Since the sequent o — o, is an axiom sequent and «; ~ f; by assumption,
the sequent f;, —a; is provable, which implies that the desired sequent
B, ai— is also provable as follows:

N
: Bi—ay (=)
a1, fr—>
(d-2) The case that the upper sequent of ("—) is obtained as the lower
sequent of (extension), (A —), ("—), or (v’'—): All these cases can be
dealt with similarly, so here we consider only the case of ("—), in which the
last two steps of the proof go as follows:

ﬁsrz_)a/lsrl "
o ()
ﬁ ’FZ_)alsrl (, )
—
a’l’; Iﬂl]* ﬁ”’ FZ—)

The sequent «f,I, f,T,— has a shorter proof than the sequent
oy, I't, B7, I',—, as follows:

ﬁ: FZ—’allvrl

o], T}, B > (=)

Therefore the sequent f,,I'{, §, I',— is provable by the induction hypo-
thesis, which implies that the desired sequent §,,T%, p”,T,— is also
provable as follows:

ﬁlarvl’ ﬂa 1—‘2—>

B T1, BT, =)
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(d-3) The case that the upper sequent of ('—) is obtained as the lower
sequent of (—"): The last two steps of the proof that we must consider can
be supposed to be one of the following two forms:

I,-8,T,
r,-p" T,
BIII, i’r‘z_’

(="
(=)

FZ_’OC/I: ﬁ: Iﬁl
FZ—')“/D ﬁ”:rl
/ "
af?ﬂ ,9 rIrFZ—)

(="
(‘=)

In the former case «, is supposed to be §’. Since the latter case can be dealt
with in a similar manner to (d-2), here we deal with the former case, in
which the sequent a,, I'{, I',— is provable with a shorter proof than that of
the sequent a7, I'{, I',— as follows:

FZ_)ﬁ’ Iﬂl
B, T, T

(=)

Thus the desired sequent f,, I'{, I',— is also provable by hypothesis.
(d-4) The case that the upper sequent of ("—) is obtained as the lower
sequent of (— v): The last two steps of the proof go as follows:

r2"')06/19 Ba r1
F=al, Bvy, Ty
a,ll’ (ﬂ v ,V),s rvla 1_‘2—’

(= V)

(‘=)

The sequent «f,B’,I'{,T,— has a shorter proof than the sequent
af, (B vy),I', T, as follows:
FZ - a; s ﬁ, 1_‘1

("-)
0(’1’, B,s rIl’ FZ_)

Therefore the sequent f,, 7, I';, [';— is provable by the induction hypo-
thesis, which implies that the desired sequent B,,(B vy), I, [,— is
provable as follows:

ﬂla ﬁ/7 F;9F2_’
Bi,(Bvy),I',I>

(d-5) The case that the upper sequent of (‘—) is obtained as the lower
sequent of (— A’); The last two steps of the proof are of one of the

(v-)
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following two forms:

FZ—)ais :8/9 l_‘1

(oA
o8, GADT ()
“,lla(ﬁ A ’V)”o Fi, l-‘2"') ’
FZ_)ﬁ,’r‘l ,
- - - A
oGy M)
(=)

B Ay, T, >

In the latter case «; is assumed to be B A y. Here we deal only with the
former case, leaving a similar treatment of the latter case to the reader. The
sequent af,f",T1,I,» has a shorter proof than the sequent
af, (B Ay), I, I',— as follows:

’ 7
[y—ai, B, T
" " ’
alaﬁ H 15r2_>

(‘=)

This implies by the induction hypothesis that the sequent §,, §, '}, I',— is
also provable. Thus the desired sequent f;, (f A y)”, I'1, I',— is also prov-
able, as follows:

ﬁl ’ ﬂ: ri E] FZ -

ﬁl:ﬂ A ?, ia FZ_’

ﬂl: (ﬁ A Y)//’ 1_‘1, I-‘Z'_)

(d-6) The case that the upper sequent of ('—) is obtained as the lower

sequent of ( v —): The last two steps of the proof that we must consider go
as follows:

(A=)
(")

B—oal, Iy y—oal, T,

(v—)

ﬂv')}_)al’rl (/_))

” ',
oy 1,ﬁVV“‘)

The sequents a7, I'; > " and a7, '} »7” are provable with shorter proofs
than that of af,I'{, v y— as follows

ﬁ_)allsrl

Il L e ‘st
ey
y—oay, I
= (=)

al, I'i—7y

Therefore the sequents f,,I';— " and B,,I{—7  are provable by the
induction hypothesis, which implies that the desired sequent 8 v 9, §;, '}~
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is also provable as follows:
B,Ti-B" B, Ti-y
ﬂ Vv ,))7 Bl s r‘i -
(d-7) The case that the upper sequent of ("—) is obtained as the lower

sequent of ( A’—): The last two steps of the proof that we must consider
go as follows:

(v=9)

ﬁl—’allzr‘l y/_’alhrl
B Ay -y, T,
af, T, (B vy) -

(A=)

(‘=)

The sequents a7, I'{ = " and «}, T'{ > 7" are provable with shorter proofs
than that of the sequent a7, I'7, (8 v y)’— as follows:

B —ai, T,
” ’ ”’ (/_)/)
ay, [1—pB
Y=y, I
" r‘/ " (/_—)/)
Gy, 1=y

Thus the sequents f,, I'{ — p and p,, I'; > v are provable by the induction
hypothesis, which implies that the desired sequent (§ A y)’, B;, I'|— is also
provable as follows:

Bi.Ii-p B, Ii—y
ﬁl s I-Vl - ﬁ AY
(ﬁ A y)/, ﬂl, 1“/1 g
(d-8) The case that the upper sequent of ('—) is obtained as the lower

sequent of (— v’): The last two steps of the proof that we must consider
go as follows:

(=n)

(‘=)

=g T)-y
L@ vy
(ﬂ V‘Y)”a r1_>

Here «, is supposed to be B v y. The sequent f v y,I";— is provable as
follows:

(=Vv)
(‘=)

[i=p Ty’
ﬁ VY, I_‘l_)

(v=)

Since B, ~ «; by assumption, the desired sequent f;, I'; — is also provable.
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(d-9) The case that the upper sequent of ("—) is obtained as the lower
sequent of ("= A): The last two steps of the proof that we must consider
go as follows: '

B'—ai, Ty y —>ay, I
~B Ay, a1
BAp,al, T~
The sequents «}, I';— f and af, I'{ — 9" are provable with shorter proofs
than that of the sequent (f A y)’, af, I'{— as follows:

B —ai, T,
T~

(‘= n)

(=)

(‘=)

V "= ai s I-‘1 ’ ’
" / " ( - )
af, 1=y
Thus the sequents ,, I';— f and f,, '] =y are provable by the induction
hypothesis, which implies that the desired sequent (8 A y)’, B;, I';— is also
provable as follows:

B, Ti—=B B, Ti—y
B, T1—=B Ay
B Ay, BT
(d-10) The case that the upper sequent of (“—) is obtained as the

lower sequent of (‘—’): The last two steps of the proof that we must
consider go as follows:

(=n)
(‘=)

a, I -I
-0y, I

L4 1 7
af, I', I —>

(‘=)
(=)

Since the sequent o,, ;> T, is provable and «, ~ff, by assumption,
B, Ty—-T, is also provable, which implies that the desired sequent
B, T'1, I',— is provable, as follows:

Bi, T —T, (‘=)
ﬂlsrl,r/Z_) (u__})
Bl: /1’9r/2_)

(d-11) The case that the upper sequent of (“—) is obtained as the
lower sequent of (—"): We can proceed similarly to (d-10).

(e) The case that the last inference of the proof of the sequent
oy, T—Ais (‘/>'): This case is divided into several subcases according to
how the upper sequent of (“—’) is obtained.
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(e-1) The case that the upper sequent of (‘=) is an axiom sequent:
The treatment of this case is similar to (d-1) and is safely left to the reader.

(e-2) The case that the upper sequent of (“—") is obtained as the lower
sequent of (extension): This case can safely be left to the reader.

(e-3) The case that the upper sequent of ("—’) is obtained as the lower
sequent of ( A —): The last two steps of the proof that we must consider go
as follows:

o, Ay —af, Ty
o /\ﬁ: Al_)allaAl
af, [ = (@ A ), Af

(A=)

()

The sequent a7, I'y »a’, A] is provable with a shorter proof than that of
af, Ti—(a A ), A7 as follows:

o, A1 - a’l s A1 ,
- ()
o 1> Fl —>a, Al
Thus the sequent B, I'; »«’, A} is provable by the induction hypothesis,
which implies that the desired sequent §,, I'} = (a A B)’, A{ is also provable
as follows:

ﬁl; l"ﬂ—»oc’, Ai
Bi, Ti—(a A B), A

(e-4). The case that the upper sequent of ('—") is obtained as the lower
sequent of (— v): The treatment is similar to (e-3) and is safely left to the
reader.

(e-5) The case that the upper sequent of ('—") is obtained as the lower
sequent of ( v —): The last two steps of the proof that we have to consider
go as follows:

(=A%)

a—a, Iy f—af, T
avp—-al, T
af, I = (x v B)

(v—)

(‘=)

The sequents o}, I'y »a” and «f, I'} > B’ are provable with shorter proofs
than that of o}, I', — (a v B)’ as follows:

ﬁ*a’hrl
T f

Ll ELE (=)
af, I —~a

Thus the sequents f,, 'y =« and §,, I'] - B are provable by the induction
hypothesis, which implies that the desired sequent af,[j—(x v ) is
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provable, as follows:
BT —a B, Ti>f
B, Ti—(a v )’
{e-6) The case that the upper sequent of ("—) is the lower sequent of
{(—"): The last two steps of the proof that we should consider can be
supposed to be one of the following two forms:
a, ' =T
- 0(; ’ ;a rz

(=v")

(=)
(‘=9

ki

17 /
al, I, I3—
F]"‘“‘)a’], rz
7’ 4
=y, I, Ty

" 1 i’
ay, I, I —

(=)
(=9

In the former case the sequent o,, I}, I';— is provable as follows:
o, Iy -1,
al s ri ] r;,"')

s s
o, I, I -

(=)
("=)

Since «; >~ f; by assumption, the desired sequent f,,T7,I%— is also
provable. As for the latter case, the sequent af, ', - I'] is provable with a
shorter proof than that of the sequent «f, I'7, I';—, as follows:

I'i—a, Iy, ,
== (=)
af, =T
By the induction hypothesis the sequent 8, I';— I'] is also provable, which
implies that the desired sequent §,, I'7, I';— is provable, as follows:

Bi, I3 -T
)8 1 !1,3 é“’
(e-7) The case that the upper sequent of (‘=) is obtained as the lower
sequent of ("—) or (—"): The treatment is similar to (d-3) and is safely left
to the reader.
(e-8) The case that the upper sequent of (‘—) is the lower sequent of

another ("—"): The last two steps of the proof that we have to consider go
as follows:

(=)

oy, Iy = A,
Fd / 14
Al —ai, T

# . 7
ay, I'f > Af

(=9
)
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Since the sequent «,,I',— A, has a shorter proof than the sequent
af, 'l > A7, the sequent f,,I"; > A, is also provable by the induction

7"

hypothesis, which implies that the desired sequent f,, ' = A7 is also
provable, as follows
B, Ty = A
Bi, T'i = A
By, 'y — A}
(e-9) The case that the upper sequent of ('—") is obtained as the lower
sequent of (v'—=), (= A"), (A’>), or (= v’): These four cases can be
dealt with similarly, so here we deal only with the case of (— v ), in which
the last two steps of the proof that we must consider go as follows:
Al - 0(’ Al g B ’
A-@vpy
(@ v p)' —A
Here «, is supposed to be « v f. The sequents «” - A} and "> A] are
provable with shorter proofs than that of (x v )" — A] as follows:

A-a” o A
(‘=9 Y,

B T)Al
Therefore the sequents « —» A] and § — A] are provable by the induction

hypothesis, which implies that the sequent a v § — A7 is also provable, as
follows:

”

(="

(=Vv)
(-9

(')

@ > A

a—A; oA
av pB-oA

Since fB; >~ o, =a v § by assumption, the desired sequent B, = A, is prov-
able.

(e-10) The case that the upper sequent of ('—’) is obtained as the
lower sequent of (“— A): The last two steps of the proof that we must
consider go as follows:

(v-=)

a' —-ar, I ‘ol I
141 ﬂ 1>+ 1 (/—>/\)

(=9

- all k] 1—‘1 y A ﬁ
ai, I, (@ A B) -
The sequents I'{, o} = a” and I'j, a] —» f” are provable with shorter proofs
than that of af, '}, (x A f)"— as follows:

o —ai, T B —ai, T,
— (=) S ()
alar‘l_')ﬂ

af, I'1—=a”
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By the induction hypothesis the sequents 8,,j—« and §,,1;— 8 are
provable, which implies that the desired sequent f,, I, (@ A £)'— is also
provable, as follows:
ﬂla F;—nx ﬁl: F;—ﬂﬁ
ﬁl ’ r; — XA ﬂ
BT, (@A p) —
Theorem 2.4 (The second duality theorem). If « ~ §, and o, ~ §,, then
a Aoy (B v B3) and o v = (B A ).

Proof. First we show the following four statements.

(=n)

(‘=)

(D If a sequent a; Aoy, I —A is provable, then the sequent
(B1v f5),I' > A is also provable.

(ID If a sequent I'»A,a A&, is provable, then the sequent
I'—= A, (B] v %) is also provabile.

(I If a sequent «; va,,'>A is provable, then the sequent
(B1 A B5), = A is also provable.

(IV) If a sequent I'>A, &, va, is provable, then the sequent
I'—=A, (B7 A B5) is also provable.

Here we deal only with (II), leaving the remaining three statements to

the reader. The proof is carried out by induction on the construction of a

proof P of the sequent I' > A, o; A a,. Here we deal only with the critical
case in which the last inference is (— A) as follows:

oo, T'>a,

(=A)

Since oy ~ f, and «, ~ f, by assumption, the sequents I'— B, and [ — §,
are provable, which implies that the sequent I'” — (8 v B3)’ is provable, as
follows:

T—oAa,

L= _n T=B
BV p—T o

"= (B1v B2

Therefore the sequent I' - (87 v %)’ is provable by Theorem 2.2.
To establish the remaining half of the theorem smoothly, we introduce
a useful notion weaker than provability equivalence. A wif 8 is said to be

provably dominated by a wif «, in notation o ~ B, if we have that for any
finite sets I and A of wils:

(a) Whenever the sequent o, I' —> A is provable, the sequent §, T — A is
also provable.
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(b) Whenever the sequent I' - A, « is provable, the sequent I' = A, f is
also provable.

We notice that what we have really proved in (I) —(IV) is that if y, ~, and
7,23 0,, then 9, Ay, x(07 v d5) and y, v y,x(d7 A 63)’. Similarly, what
we have really proved in the proof of Theorem 2.1 is that if y, 5, and
7,23 8,, then y1 567, y1 A 7230, A8, and y, v 7, 36, v ,, while what we
have really proved in the proof of Theorem 2.2 is that if « ~ f, then o” ~ §.
It is easy to see that two wifs a and f are provably equivalent iff each of
them is provably dominated by the other. Thus, to conclude the proof of
the theorem, it suffices to notice that

"

u AV ) 3@ Aaz) o A,

3. THE CUT-ELIMINATION THEOREM

Theorem 3.5 (The cut-elimination theorem). If sequents I'y > A, a
and o, I',— A, are provable with A, = or I', = ¢, then the sequent
T,,I,>A, A, is also provable. In other words, (cut) is permissible in
GMQL.

Proof. Suppose that the sequents I'y—»A,,o and o, I~ A, have
proofs P, and P,, respectively. We prove the theorem by double induction
principally on g(«) and secondarily on /(P;) + {(P,). By Theorem 2.4 we
can assume that there is no occurrence of the disjunction symbol v in P,
or P,. As in the proof of Theorem 2.2, whenever we are forced to deal with
the rules ( A =) or (= A”), each of which consists of two forms, only one
of them is treated. Our proof is divided into several cases according to
which inference rule is used in the last step of P, or P, as follows:

(a) The case that one of the sequents I', > A, @ and o, I'; = A, is an
axiom sequent: There is nothing to prove.

(b) The case that one of the sequents I'; > A, and o, I'; = A, is
obtained as the lower sequent of (extension): Here we deal only with the
case that the former sequent I', — A, « is obtained as the lower sequent of
(extension), leaving the dual case to the reader. Then the last step of the
proof P, is in one of the following two forms:

[y—2A,a
T Tp=Ag, A,

(extension)

Iy—-Ay
I'la—=AL A, e

(extension)
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In the former case the desired sequent I';;, '\, I, > Ay, Ay, A, is prov-
able by induction hypothesis as follows.

Ty-ALL 0 a,l,—A
I, T= AL A,
[, T To—= Ay, A, A,

(cut)
(extension)

In the latter case the desired sequent I'y;, I'\5, ', 2> Ay, Ay, A, is obtained
as follows.

r11‘*/311
[T, oAy, A, A,

(¢) The case that either the sequent I'; = A,, o is obtained as the lower
sequent of one of the inference rules (“—) and (A —) or the sequent
o, ['; > A, is obtained as the lower sequent of one of the inference rules
(—»") and (— A’): Here we deal only with the case that the sequent
a, I'; > A, is obtained as the lower sequent of (— A7), leaving the remaining
three cases to the reader. So the last step of P, is of the following two
forms:

(extension)

o, 1_12_)229 :B/
a, I =2, (Bvy)

(=A%)

The desired sequent I';, I, A, %,,(f Ay)’ is provable by induction
hypothesis as follows:

1—‘1_)[3Ha (X,F2—’22,ﬁ/
rlar2_)A17 227 AB/
rlarz_)AhZZ}(ﬂ A V)/

(cut)
(= A7)

(d) The case that either the sequent I', = A, « is obtained as the lower
sequent of (A’—) or the sequent o, I', > A, is obtained as the lower
sequent of (— A ): Here we deal only with the former case, leaving a similar
treatment of the latter case to the reader. So the last step of P, goes as
follows:

p'—A,a y A,
BAY =ALa

If I, = ¥, then the desired sequent (f A y)'—A,, A, is provable by the
induction hypothesis as follows:

(A=)

B'=ALa a—A, VoA La a—oA

t
S A A,

B A —ALA,

(cut)
(A=)
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Unless I'; = (7, the situation can be classified into cases according to which
mference rule is used in the last step of P,. If I', ¢ (F and it is not the case
that the last inference of P, is (— A), the situation is subsumed under the
cases that have been or will be dealt with. If I', # ¢ and the last inference
of P, is (— A), then surely I'; # ¢, so that the situation can be handled
dually to the case that I', = .

(e) The case that either the sequent I';, — A,, « is obtained as the lower
sequent of one of the inference rules (—”) and (— A’) or the sequent
a, I';—> A, is obtained as the lower sequent of one of the inference rules
("-) and (A —): Here we deal only with the case that the sequent
' = A, a is obtained as the lower sequent of (— A "), leaving the remain-
ing three cases to the reader. So the last step of P, is in one of the following
two forms:

IN—-% 8,0 ,
Fos G )
F1—>A1,ﬁ/ (_)/\,)
Cy=AL B Ay

In the latter case o is supposed.to be (§ A 7)’. In the former case the (cut)
at issue is an instance of (cut-1), so that I', = (J, and the desired sequent
I—=Z, (B Ay), A, is provable by induction hypothesis, as follows:

'L o0 a-A,
=% p
Fl_')zv (ﬁ A?)/

(cut)
G

As for the latter case, the cut formula is (f Ay)’, and the sequent
B, I,—A, is provable by Corollary 3.4. Thus the desired sequent
I, I,—A,, A, is provable by the induction hypothesis, as foliows:

=ALB B Th—A,
[, T,—ALA

(cut)

() The case that cither the sequent I'; > A, « is obtained as the lower
sequent of (— A) or the sequent «, I', — A, is obtained as the lower sequent
of (A’—>): Here we deal only with the latter case, leaving a similar
treatment of the latter to the reader. So the last step of P, goes as follows:

B'—=A, y-A
B AY) =4,

Here « is supposed to be (f A y)’, and the (cut) at issue is an instance of
(cut-1) with the cut formula (8 Ay)’. By Corollary 2.2 the sequent

(A"=)
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I',—» A, B’y is provable, so that the desired sequent I'; > A, A, is also
provable, as follows:

rl_)Ala ﬁla yl ﬂ/_’AZ
t
Tohnhyy ™ yoa,
I—=ALA,

(cut)

(g) The case that the sequent I';—» A,,a is obtained as the lower
sequent of (“— A): The last step of P, is in one of the following two forms:

-0 y oL

—Z, B Ay, (=)
ﬂ/_)Al 'y/_)Al (/—*/\)
”’Alaﬁ AY

In the latter case « is assumed to be § A y. First we deal with the former
case, in which the (cut) at issue is (cut-1) so that I', = ¢F. Then the desired
sequent =X, f Ay, A, is provable by the induction hypothesis, as follows:

' ->Z a a-A, -0 oA,
— (cut) -
ﬁ I 29 AZ 7 Ea A2
""Z’ ﬁ AYs Az
As for the latter case, suppose first that A, # ¢, so that I', = ¢&. Then the
sequents A} — f§ and A] — y are provable by Corollary 2.3, while the sequent

B,y — A, is provable by Theorem 3.1. Thus the sequent —A7, A, is prov-
able by the induction hypothesis, as follows:

Ai-p Byv—oA,

(cut)
(‘= A)

cut

Ny n Bk o

Sl I ()
- ,1,9 A2

Thus the desired sequent —A,, A, ts provable by Theorem 2.2. If A, = ¢,
then the sequents —f and —y are provable by Corollary 2.3, while the
sequent f3, y, I', = A, is provable by Theorem 3.1. Thus the desired sequent
I', > A, is provable by the induction hypothesis, as follows:

—')ﬁ ﬂs % FZ _>A2
-7y, -4,
T, oA, (cut

(cut)

(h) The case that one of the sequents I'; = A;,« and o, I, > A, is
obtained as the lower sequent of (—"): Here we deal only with the case that
the sequent I'; > A,, « is obtained as the lower sequent of (—"), leaving the
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dual case to the reader. So the last step of the proof P, is in one of the
following two forms:

Ap—Ap,a (=)
= Ay, A, o
Ay, B— Ay (—)
= Ay, A, B

In the latter case « is supposed to be . First we deal with the former case.
If T,=¢, then the desired sequent —A;;, A}, A, is provable by the
induction hypothesis, as follows:

Ap—-Ag, 0 a—A,
Ap— AL A,
= AGL AL A,

(cut)
(=)

If T', # (5, then o is of the form y” and the sequent A;, > A, 0 iy > 7"
The sequents y— and A, —y are provable by Corollary 2.3, which implies
that the sequent A3— is also provable by the induction hypothesis, as
follows:

Aoy v

A (cut)

By Corollary 2.3 the sequent —A, is provable, which implies that the
desired sequent —A,, A, is provable as follows:

—A,

——=—  (extension
SAA, )

Now we deal with the latter case. If I', = ¢J, then the sequent A — f is
provable by Corollary 2.3, and the sequent —A,, Aj,, A} is also provable
by the induction hypothesis as follows:

A= B Ap, Ay
Ay, Aé_’An

’ "
= A, AL A

(cut)
(=9

Thus the desired sequent —A,;, Ay, A, is provable by Theorem 2.2. If
I', # &, then the sequent A,,, f —> A;; must be f— or § — f’, the latter of
which implies by Corollary 2.3 that the sequent f— is provable. Thus in
any case the sequent f— is provable. Since the sequent A;—-1I7,f is
provable by Corollary 2.3, the sequent A; —I'; is provable by the induction
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hypothesis, as follows:
A -T5, B B
A, —-T%

Therefore the sequent I', - A, is provable by Corollary 2.3, which implies
that the desired sequent I', =+ A,, A, is provable as follows:

I,—A,
I-ALA

(cut)

{extension)

(1) The case that both the sequent Iy~ A;,« and the sequent
a, I'; = A, are obtained as the lower sequent of ("—’): The last steps of the
proofs P, and P, go as follows:
219 ﬁ _)Hl
-, B
Z,~ B, 11,
B I~ X5

(‘=9

(‘=)

In the above « is supposed to be f’. The desired sequent I, I1,» Z,, Z, is
provable by the induction hypothesis as follows:

-1, B,E 1L
2, 2,10, I
1, =27, 25

{(cut)
(="

NOTE ADDED IN PROOF
In our previous paper (Nishimura, 1994, p. 104) the inference rule
a'—=A oA
(@ np)y—A

should have been named (A’ —), and the inference rule (— v’) should
have been

I'»a" I'—p’
Fo(@vp)y
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